In this paper we study spin-2 excitations for a class of N = 2 supersymmetric solutions of type-IIA supergravity found by Gaiotto and Maldacena. The mass spectrum of these excitations can be derived by solving a second order partial differential equation. As specific examples of this class we consider the Abelian and non-Abelian T-dual versions of the AdS 5 × S 5 and we study the corresponding mass spectra. For the modes that do not 'feel' the (non-)Abelian T-duality transformation we provide analytic formulas for the masses, while for the rest we were only able to derive the spectra numerically. The numerical values that correspond to large masses are compared with WKB approximate formulas. a
Introduction and summary of results
In the last two decades there have been significant developments towards the understanding of the strongly coupled dynamics and spectrum of supersymmetric quantum field theories in four dimensions. In this paper we will study N = 2 supersymmetric theories using holography [1] . One can understand these theories as arising from stacks of NS5 and D6 branes with D4 branes stretching and intersecting them. At low energies the world-volume theory of the D4 − NS5 − D6 brane arrangement is described by linear quiver gauge theories with product SU(N c ) gauge groups connected by bi-fundamental fields and SU(N f ) fundamental matter for each gauge group associated to the D6-branes. In the conformal case these theories preserve SO(4, 2) × SU(2) × U(1) isometries and arise as a compactification of M5 branes on a punctured Riemann surface [2] .
Gravitational solutions holographically dual to these theories were found by Gaiotto and Maldacena in [3] . Based on the previous work by LLM [4] , it was found that by considering a smearing of the M5 branes along the eleven dimensional coordinate one can reduce these solutions to type IIA supergravity. This generates a whole class of solutions in terms of a function solving an axisymmetric Laplace equation with appropriate boundary conditions that ensure regularity of the solution and proper quantisation of D-brane fluxes. Given a solution one can construct the dual quiver field theory with the rules spelled out in [3] (see also [5] ). We can then use holography to compute observables and learn about the N = 2 theories at strong coupling. Recently, using this approach, several new formulas computing field theory observables in terms of geometric data were presented in [6] . Generic solutions for this class of geometries and some particular interesting examples were studied in [5, 7] . Finding new examples belonging to this class of geometries however is challenging and solution generating techniques like non-Abelian T-duality have proven to be very useful to construct new examples.
In this paper we obtain the whole set of linearized equations of motion of type IIA supergravity for a generic perturbation. We restrict our attention to a consistent truncation involving a spin-2 fluctuation of the N = 2 geometries discussed above. This leads us to consider a set of equations which coincides with the analysis in [8] (see also [9, 10, 11, 12, 13] for similar studies of the spin-2 excitations). We provide a closed and generic expression for the wave operator given in terms of the function that solves the Laplace equation. We use the above operator to study the spectrum of two interesting examples. The first of them is the Sfetsos-Thompson solution [14] obtained after applying non-Abelian T-duality (NATD) along the SU(2) isometries inside the S 5 of the maximally supersymmetric solution in type IIB supergravity. This is a non-regular solution of the Laplace equation. Despite this issue, this solution has some interesting properties that make it stand out from others belonging to this class of geometries. For instance, it was shown to be an integrable background [15] as opposed to the generic "smooth" non-singular solutions of the large class of Gaiotto-Maldacena geometries [16] . A detailed study of the field theory dual of the Sfetsos-Thompson solution including a completion to the geometry can be found in [17] . The second example we study is the Abelian (Hopf) T-dual (ATD) of the AdS 5 × S 5 solution [17] . This solution can be obtained as a limiting case of the NATD solution 1 [17] . We also see this relation between solutions for the operator describing the spin-2 spectrum explicitly. Using holography we can then shed some light towards the understanding of the operator spectrum of the dualized solutions. In the BMN limit this problem was studied in [19] .
In order to analyze the spin-2 spectrum of the solutions, we transformed the equation for the fluctuations into a Schrödinger-like problem of a particle in certain potential. The resulting potential is very similar to the one considered in the study of marginal deformations of supersymmetric backgrounds [20, 21] . In both ATD and NATD examples we were able to find analytic solutions only for the lowest mode of a quantum number n. For non-zero values of this quantum number we solved the equation numerically using the shooting method. For large masses we compared these solutions with a WKB analysis finding agreement. The analysis of the NATD solution shows a continuous spectrum of masses. This issue is associated with the fact the "field theory" coordinate ρ in the solution is unbounded. A discrete spectrum arises whenever we bound the value of this coordinate. This hard cut-off in the geometry is ascertained by placing D6 branes at a certain position ρ * [17] . The situation with the ATD solution is very similar, though in this case the "field theory" coordinate is periodic giving rise to a discrete spectrum.
The paper is organized as follows. In Section 2 we briefly review the Gaiotto-Maldacena class of geometries. In Section 3 we study the spin-2 excitations of these geometries by fluctuating the metric components along AdS 5 sector. We write down a generic expression for the operator describing fluctuations in terms of the function that solves the Laplace equation. In Section 4 we study the spectrum of two particular examples of Gaiotto-Maldacena geometries: the ATD and NATD solutions. In the first case, we find a lower bound for the mass spectrum. In both cases we performed analytical as well as numerical methods to obtain the spectrum. We conclude in Section 5 with a brief summary of our results and future directions. We provide detailed appendices with the machinery needed to present the results of this paper. Appendix A is a compendium of formulas that are useful to derive the fluctuation equations. Appendix B contains the equations for the fluctuations of all the fields in type-IIA supergravity in the Einstein frame. Finally in appendix C we discuss the WKB approach we use to give support to our numerical study of the spectrum in Section 4. 1 though the dilaton and the RR fields did not match, this issue was solved in [18] .
Note added: When we were finishing this paper we became aware of [13] which has some overlap with the content of our Section 3.
Gaiotto-Maldacena solutions
The theories that we are going to deal with here are N = 2 supersymmetric solutions of the type-IIA supergravity, which have been found in [3] and whose metric in the Einstein frame has the following form:
with dΩ 2 = dχ 2 + sin 2 χdξ 2 being the line element of a two-sphere. The dilaton Φ and the functions f i depend only on the coordinates (η, σ) and they can be expressed in terms of a function V(η, σ) as:
Notice that due to the normalizations we adopted here the AdS 5 space has a unit radius. Moreover, primed symbols correspond to derivatives with respect to η while dotted symbols correspond to the action of the operator σ∂ σ .
The geometry of this class of solutions is supported by a NS two-form and a set of RR potentials:
where Vol Ω 2 = sin χdχ ∧ dξ is the volume form on the two-sphere Ω 2 and the RR fields F 2 and F 4 are defined through the potentials C 1 and C 3 as F 2 = dC 1 and
As it is understood by the previous expressions, any background that fits into the Gaiotto-Maldacena classifications is fully determined by the function V(η, σ). However this function is not arbitrary but instead it has to satisfy the following second order differential equation:
In the section that follows we will study perturbations of the metric (2.1) along the AdS 5 directions.
Metric perturbations
In this section we look for a consistent solution of the equations for the fluctuation of the supergravity fields. Before we start this analysis it is worth to mention some properties of the geometry of the solutions that we are interested in. The first property is that the metric in the Einstein frame is conformal to a direct product of two five-dimensional spaces. More specifically it is conformal to the product of AdS 5 with a five-dimensional internal space M 5
Thus, it is useful to adopt the following notation for the indices: where the metric componentsg µν depend only on x andg mn only on y. Using matrix notation the metric reads:g
The second important property of the geometries that we are going to consider is that the metric is diagonal.
Next we would like to turn on only the fluctuations of the metric components along the AdS 5 sector, while the fluctuations of the rest of the fields are taken to be zero, i.e. we take into account only the following: 4) or ds 2 E = e 2A g µν + h µν dx µ dx ν +g mn dy m dy n . (3.5)
In addition we take h µν to factorize as:
µν is transverse with respect to∇ µ and traceless, i.e.
Under these considerations we see that the fluctuation of the dilaton equation and also those for the Maxwell equations are trivially satisfied. However from the Einstein equations we see that the only terms that contribute are:
where in order to simplify the above expression we took into account the structure of the background fields (coordinate dependence and index structure) of the Gaiotto-Maldacena solutions.
This can be further simplified if we change the order of the covariant derivatives of the first two terms. Using A.7, we get:
The first term vanishes due to the transversality condition. Now the Einstein equation becomes:
(3.10)
We recall that the Riemann and Ricci tensors of the AdS 5 of unit radius are:
Therefore, the equation that we need to solve is:
It turns out that, for all the solutions that belong to the Gaiotto-Maldacena class, the term in square brackets equals to −8, thus the equation that we have to solve is:
Notice that the last two terms can be written as:
This has exactly the same form as the operator L (1) in [9] . Also, since the indices of h µν are along the AdS 5 subspace we understand that h µν behaves like a scalar for the covariant derivative∇ m and the operator L. Now the action of L on a scalar f can be written as:
Moreover, the equation (3.14) can be recognized as the equation of motion of a massive graviton of mass M propagating in AdS 5 [22, 23] . This is given by the Pauli-Fierz equation:
Using this, the equation (3.14) reduces to an eigenvalue problem for the operator L:
In terms of the coordinates of the metric (2.1) the operator L has the following form:
where ∇ 2 (2) is the Laplace operator on the two-sphere Ω 2 . This operator looks quite complicated and for this reason finding its eigenvalues for the general case of an arbitrary solution of (2.4) is a non-trivial task. However, as we will immediately see in the following section, one can focus on specific solutions of (2.4) which lead to a solvable eigenvalue problem for the operator L.
The spin-2 spectrum
It is known [14, 17] This fact motivates us to look for solutions of the eigenvalue problem (3.18) in the aforementioned two cases. This is feasible because as we will see shortly the operator L simplifies significantly in both examples. Let us see this in more detail.
Operator L in the ATD
The Abelian T-dual solution is derived by the Gaiotto-Maldacena ansatz by choosing the potential V(η, σ) to be:
One has also to perform a change of coordinates in the following manner 2 :
As a result, we end up with a simple expression for the operator L:
is the Laplace operator on the two-sphere Ω 2 (χ, ξ).
Operator L in the NATD
In the non-Abelian T-dual case the potential V(η, σ) reads:
The change of coordinates that gives the NATD solution is the same as in eq. (4.2) where now we are going to rename ψ by ρ 3 . The operator L in this case is:
This operator organizes nicely in terms of a Laplacian on the two-sphere Ω 2 (χ, ξ) and a Laplacian in spherical coordinates (terms in the parenthesis) on the three-dimensional Euclidean space parametrized by the radial coordinate ρ and the two-sphere Ω 2 (χ, ξ). The eigenfunctions of the last are spherical Bessel functions that depend on the eigenvalue l. Notice that at ρ 1 we have
Let us now try to solve the eigenvalue problem for the operators L ATD and L N ATD starting with the Abelian T-dual example.
The ATD case
The form of the operator L ATD suggests that we should expand Y(y) in eigenfunctions of the
where Y 4 are the spherical harmonics on the two-sphere Ω 2 (χ, ξ) and f m,n, (α) are functions to be determined. Using such an expansion the eigenvalue problem (3.18) translates to a second order differential equation for the functions f m,n, (α):
where for convenience we have suppressed the indices m, n, in the function f (α). If we perform the following change of variables:
then the differential equation that we have to solve becomes:
For n = 0 this equation can be brought into a hypergeometric form and thus it can be solved analytically. For n = 0 the above equation has two regular singular points at z = 0, 1 and one irregular singular point at z = ∞. This can be brought to the form of a confluent Heun equation
by setting:
Indeed, if we do this the function f has to satisfy the following DE:
which is the confluent Heun equation.
Eq. 4.7 can be put in a form of a Schrödinger-like problem. To do this we redefine f (α) as:
Then the functionf(α) satisfies the Schrödinger equation:
where the potential V(α) is:
Potentials of this type were also considered in the study of marginally deformations of supersymmetric backgrounds [20, 21] . To the best of our knowledge, it is still not known how to solve analytically eigenvalue problems with potentials like the one above and thus we will use numerical methods.
The analytic case n = 0
Let us consider now the case where n = 0. It is easy to see that the confluent Heun equation (4.11) reduces to a hypergeometric differential equation:
where the constants a, b, c are given in terms of the eigenvalues , m and the mass M through the following relations:
The hypergeometric equation above admits two linearly independent solutions. Since in our case c is a non-negative integer one of the two solutions is singular at z = 0 and thus we will not consider it. Hence the only permissible solution is:
However in our case c − a − b = −2 − 1 < 0. For this reason the behavior of the hypergeometric function near z = 1 is given by the formula [24] :
Thus the only way to make the solution (4.10) regular at z = 1 is to require that a = −ν with ν = 0, 1, 2, . . . . From this condition we end up with the following tower of masses and conformal dimensions: Taking k = 2(ν + ) + |m| we can write the above formula as:
The last formula matches the result found in [25] for the excitations of the metric along the AdS 5 directions in the case of AdS 5 × S 5 . This is expected as the modes with n = 0 that we considered here are inert under the T-duality transformation.
4.1.2
The non-analytic case n = 0
As it was already mentioned, we are not aware of any method that allows us to solve eq. (4.9)
analytically for n = 0. For this reason we restrict ourselves to find an approximate formula for the masses M which is valid for large enough values of M. This can be done using the WKB method of the Appendix C.
In order to be able to apply the WKB method we first have to express eq. (4.9) in terms of a suitable variable which we call r and it is related to z as:
The next step is to bring eq. (4.9) into the form (C.1). As a result, the functions p(r), w(r) and q(r) of eq. (C.1) are:
Expanding these functions in the vicinity of the two end-points we find:
at r ≈ 0 (4.24)
and
The reason for keeping more terms in the expansions of the function q(r) is to exploit all the different possibilities that one can obtain from its asymptotic behavior. More specifically, one can consider the cases where (m = 0, = 0) or (m = 0, = 0) or (m = 0, = 0) or (m = 0, = 0). It turns out that all of them give the same WKB formula for the masses, which is:
Notice that the previous formula does not depend on the quantum number n.
As an independent check, we solved eq. (4.9) numerically (using the shooting method) for given values of the quantum numbers m, n and . As it can be seen from the figure below, the values for the masses that are computed numerically are in a good agreement with those computed by the WKB formula (4.26) when the mass is large enough. In order to illustrate that the masses do not depend on the quantum number n as M is getting higher and higher, we plot the tower of masses for fixed values of m and and different values of n. In the figure below, each line corresponds to a different value of n. It turns out that the lines tend to merge in the sector of large masses. The above feature is not manifest when we fix n and m and vary or when we vary m while keeping n and fixed. This can be seen in the following plots where any possible convergence of the different lines seems to happen much slower compared to the figure Figure 2 . 
Bound on the spectrum
We will now recast eq. (4.11) in the Sturm-Liouville fashion:
This is done for:
Let us also introduce the following inner product with respect to the weight function W(z):
We will impose boundary conditions such that two eigenfunctions of different eigenvalues are orthogonal. Then we have:
(4.31)
If we multiply the first by f 2 and the second by f 1 and then subtract them we find:
Integrating the last from 0 to 1 we get:
.
(4.33)
Hence we impose:
which in our case is satisfied as long as f and df/dz are finite at the endpoints of the interval [0, 1], or if they diverge they do it slow enough.
We can now derive a lower bound for the mass spectrum in the following way. From the Sturm-Liouville equation (4.27) we have:
which implies that λ ≥ 0 or:
Notice that the bound does not depend on the number n.
Obviously the spectrum we found in eq. (4.20) satisfies the above bound and it saturates it for ν = 0. From the numerical analysis we get strong evidence that the bound is not violated for non-zero values of n, as it can be seen in the figures 2 and 3.
The NATD case
Though in the non-Abelian T-dual case things seem to be similar to the Abelian example, one has to be careful with the range of the coordinate ρ. In order to illustrate the possible issues that arise, first we are going to allow ρ to run in the interval [0, +∞) and then we are going to consider the case where ρ takes values in the interval [0, ρ * ].
When ρ ∈ [0, +∞)
The separation of variables scheme for the operator L N ATD when ρ is not bounded from above is:
where j (nρ) are the spherical Bessel functions that are regular at the origin. This scheme leads to the differential equation (4.7) where now the index n is continuous. As a result one expects a non-discrete spectrum of masses with respect to the index n.
Like in the Abelian T-dual example, when n = 0, it is possible to find a solution for the DE and following the same reasoning as we did in section 4.1.1 we end up again with the spectrum of (4.20). When n = 0, in order to determine the mass spectrum one has to resort to numerics. The only difference with respect to the Abelian case is that now the parameter n can take any positive real value. Due to the fact that the functions f m,n, (α) satisfy the DE (4.7), a WKB analysis implies that for large quantum numbers the mass spectrum behaves like in eq. (4.26).
When ρ ∈ [0, ρ * ]
Let us now restrict the coordinate ρ in the interval [0, ρ * ]. This imposes a hard cut-off in the geometry and is along the lines of the CFT completions considered in [17] . Since ρ is now bounded one has to make a choice for the boundary conditions of the function Y(y) at ρ = ρ * . Let us assume for example that Y| ρ=ρ * = 0. This implies that n can take only those values where: Again, the functions f m,n, (α) must satisfy the DE (4.7), but now the parameter n has to be replaced by n s . Consequently, when n s = 0, it is possible to find analytic solutions for (4.7).
Since we are dealing with the same DE, one expects to find the same mass spectrum as in eq. (4.20)
where now can not take the value 0. This is because all the spherical Bessel functions vanish at the origin except j 0 5 . In the case where n s = 0 the DE (4.7) can only be solved numerically.
Since the only difference with the previous examples is the fact that now we have to deal with the values of n s instead of the integer or real values of n, we do not attempt such an analysis. For large quantum numbers one can perform a WKB analysis which should give as a result the same behavior for the masses as in eq. (4.26).
Discussion
In this paper we have written down the whole set of linearized equations of motion for fluctuations of warped geometries in type IIA supergravity with AdS 5 factor. In particular we studied 5 Recall that the asymptotic behavior of the spherical Bessel functions near the origin is:
the spin-2 excitations of the Gaiotto-Maldacena class of geometries. We gave a generic expression for the wave operator describing these fluctuations in terms of the solution to the Laplace equation characterising these geometries. We studied two interesting examples: The Abelian (Hopf) T-dual and the Non-Abelian T-dual geometries of the maximally supersymmetric solution AdS 5 × S 5 . The wave operator for these solutions turned out to be the same when the 'field theory' coordinate ρ of the NATD solution is large. We were able to find an analytic solutions for the spectrum only for the lowest mode of the quantum number n. For the rest of the spectrum we resort on numerical methods. For large masses we showed that our results are in perfect agreement with WKB expectations. Since in the ATD case the 'field theory' coordinate is compact, we obtained a discrete spectrum of masses. A bound for these masses was found. However, in the NATD case, the 'field theory' coordinate is unbounded, which originates a continuous spectrum of masses. By imposing a hard cut-off in the geometry that bounds the value of this coordinate a discrete spectrum of masses emerged.
An immediate application of the equations for the fluctuations written in the Appendices is to study the full the spectrum of excitations for any solution in type IIA supergravity. In particular, the marginally deformed Gaiotto-Maldacena solutions studied in [6] . These geometries are also characterized by the function V(σ, η) that solves the Laplace equation (2.4) . It is then possible to write down generic formulas in terms of this function to calculate the full spectrum. We plan to report these results in a future collaboration.
A.1 List of formulas in the Riemannian geometry
The Christoffel symbols and the covariant derivatives acting on tensors are given by:
Notice that when the upper index of the Christoffel symbols is contracted with one of its lower indices then:
The Riemann tensor is defined through the Christoffel symbols as:
In this form it is clear that the Riemann tensor is antisymmetric under Σ ↔ N. The Ricci tensor is defined by contracting the first and third indices of the Riemann tensor, i.e.
Obviously the Ricci tensor is symmetric under the exchange of its indices. Finally the Ricci scalar is given by the contraction of the Ricci tensor with the metric:
Another useful object is the commutator of two covariant derivatives acting on a tensor. This can be written in terms of the Riemann tensor as:
A.2 Metric variations
We consider variations around the background metricḡ MN of the form:
where:
We will also take all the geometric quantities (such as the Christoffel symbols, the covariant derivatives, the Riemann and Ricci tensors and also the Ricci scalar) to be constructed with the background metricḡ MN . As a consequence:
The variation of the Christoffel symbols reads:
(A.11)
Using the above we can compute the variation of the Riemann tensor which simply becomes:
From this we find that the variation of the Ricci tensor is:
Finally, for the variation of the Ricci scalar we have:
A.3 Conformal rescalings
Let us now consider the conformal rescaling of the background metric to be:
Using this, the Christoffel symbols constructed with the background metricḡ MN are given by:
whereΓ P MN are the Christoffel symbols that are constructed with the metricg MN and we defined 6
Notice that T P MN is symmetric in its lower indices, i.e. T P MN = T P N M . Moreover here we raise/lower the indices usingg MN .
Using the above we can write the Riemann tensor as:
The Ricci tensor is found after contracting Λ with Σ in the expression above giving:
where D is the dimension of the spacetime. From this we can obtain the Ricci scalar:
Another useful quantity is the variation of the Christoffel symbols in terms of the metricg MN . This is found to be:
This is useful when we want to express variations of covariant derivatives acting on tensors in 6 We use the fact that for any scalar f it is
terms of the metricg MN .
B The type-IIA supergravity equations of motion and their fluctuations
In this appendix we review the equations of motion of the type-IIA supergravity and present general formulas for their fluctuations.
B.1 The equations of motion of the type-IIA supergravity
Let us start by writing the equations of motion for the type-IIA supergravity fields [9] : where ε M 1 ...M 10 is the totally antisymmetric Levi-Civita tensor.
An alternative way to present the dilaton equation (B.2) is by eliminating its dependence in the RR fields. For this reason we first consider the trace of the Einstein equation (B.1):
Using this we can re-write eq. (B.2) as: 
B.2 Fluctuations of the equations of motion
Here we derive the linearized equations of motion for the fluctuations of the supergravity fields.
For this purpose we consider the following perturbation scheme:
where we use the bar notation for the background values of the various fields. Moreover for convenience we are going to set:
where the indices are raised withḡ MN . Notice that the background metricḡ MN is the metric in the Einstein frame which is conformally related to the metricg MN through a warp factor:
where we use the bar and tilde notation in order to stress that the indices are raised with the background metricsḡ MN andg MN respectively. After some algebra one ends up with: 
B.2.2 The dilaton equation
If we consider the fluctuation of the dilaton equation (B.7) we arrive at the following result: 
